Abstract. In this paper, we prove that there is an arithmetic progression of positive odd numbers for each term M of which none of five consecutive odd numbers M, M − 2, M − 4, M − 6 and M − 8 can be expressed in the form 2 n ± p α , where p is a prime and n, α are nonnegative integers.
Introduction
By calculation, we find that almost all positive odd numbers can be expressed in the form 2 n + p, where n is a positive integer and p is prime. For example, 5 = 2 + 3, 7 = 2 + 5, 9 = 2 + 7, 11 = 2 2 + 7, 13 = 2 + 11, 15 = 2 + 13, 17 = 2 2 + 13, etc. The first counterexample is 127. In 1934, Romanoff [11] proved that the set of positive odd numbers which can be expressed in the form 2 n + p has positive asymptotic density in the set of all positive odd numbers, where n is a nonnegative integer and p is prime. For a positive integer n and an integer a, let a (mod n) = {a + nk : k ∈ Z}. {a i (mod m i )} k i=1 is called a covering system if every integer b satisfies b ≡ a i (mod m i ) for at least one value of i. By employing a covering system, P. Erdős [8] proved that there is an infinite arithmetic progression of positive odd numbers each of which has no representation of the form 2 n + p. Cohn and Selfridge [7] proved that there exist infinitely many odd numbers which are neither the sum nor the difference of two prime powers. In [3] Chen proved the following result: the set of positive integers which have no representation of the form 2 n ± p a q b , where p, q are distinct odd primes and n, a, b are nonnegative integers, has positive lower asymptotic density in the set of all positive odd integers. That is, the lower asymptotic density of the set of positive odd integers k such that k − 2 n has at least three distinct prime factors for all positive integers n is positive. In [5] Chen showed that the set of positive odd integers k such that k − 2 n has at least three distinct prime factors for all positive integers n contains an infinite arithmetic progression. For further related information see Chen [4] , [6] , Guy [9, A19, B21, F13], Jaeschke [10] , and Stanton and Williams [12] . The following question is a natural one: Are there two consecutive positive odd numbers neither of which can be expressed as a sum of two prime powers?
YONG-GAO CHEN
In this paper, we show that the answer to the question is affirmative. In fact, we go much further.
(1 ≤ i ≤ s) be s covering systems with 0 ≤ a ij < m ij , and let p ij be primes with m ij the order of 
Then there exists an arithmetic progression of positive odd numbers for each term M of which none of
and p u |2 n − 1 for two integers n ≥ 0 and u > 0, then n = mp u−l v for some integer v.
Proof. By using induction on r, we can prove that
By p|2
n − 1 and m being the order of 2 (mod p), we have m|n. 
Hence q i = q j . Thus, these q i are distinct such that
This completes the proof of Lemma 3.
Proof of Theorem 1. If p iu = p iv , then, by m iu and m iv being the orders of 2 (mod p iu ) and 2 (mod p iv ), respectively, we have m iu = m iv . By
and m iu of the order of 2 (mod p iu ), we have
Hence a iu (mod m iu ) = a iv (mod m iv ). Thus, without loss of generality, we may assume that for each i,
By Lemma 3, for each p ij , we may appoint a prime q ij such that all primes Take an integer M with 
we have |K ij | > 1. In this case, M + k i − 2 n has at least two distinct prime factors. If α ij ≥ l + T , then n ≡ a ij (mod m ij ) and
Hence n ≡ b ij (mod m ij ) and by (2), That is,
Thus q ij |K ij and then M + k i − 2 n has at least two distinct prime factors. This completes the proof of Theorem 1.
